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Abstract

In Ishii [1] and [2], we considered the Kowalevskii’s exponent of some Hamiltonian systems with a
parameter e¢. And by use of the Kowalevskii’'s exponent we considered the integrability of those
Hamiltonian systems (see Yoshida [5], [7]). We could determine the values of e which are possible to
give the integrability of those Hamiltonian sytems. But we dont know that those Hamiltonian systems are
integrable or not for these values of e. We studied the integrability of that Hamiltonian systems more
closely by use of Morales-Luiz, Ramis [4] and Kimura [3].

Introduction

We cosidered the Kowalevskii’s exponent of some nonlinear dynamics (see [1] and
[2]). In these papers we studied the integrability of nonlinear dynamics by use of
Kowalevskii’s exponents.

In this paper we consider the integrability of dynamics from another points of view.
We considered the Hamiltonian system :

H(q, @, b1, D) Z%(p%ﬂb%) +e(qitad) +dig.

These Hamilltonian systems are integrable for only e=1/2, 1/6 (see [1]). When e=1/2,
the differential equations derived from above Hamiltonian are written as following by scale

change qz:%Qi, pi:%Pi (i=1,2):

d;dtQ1:P1,

d 5
dt QZ_P27
d

ﬁplz_Q?_Ql %,
dp__ e
WPZ**QZ*Qle-

When e =1/6, the differential equations derived from above Hamiltonian are written as
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following by scale change qi:1/%Qi, pi:1/%Pi (i=1, 2) :

4Q-P,

L=,

4 p=—Qi-3Qu4
d

ﬁpz: — Q3 —3Q1Q..
These systems of differential equations are derived from an integrable Hamiltonian
H* (@, Qu Pry P) = (P4 P+ (Q1+ Q1) + Qi3

by taking e=1/2, 3/2.

In Ishii [2] by Kowalevskii’s exponents we considered the integrability of perturved
Hamiltonian system (1). And we showed that (1) has rational Kowalevskii’s exponents
for e=3/2 independent from e, and for e=1/2, (1) has rational Kowalevskii’s exponents
when there is a rational solution of the indeterminate equation

20x2420y2—16x2%y2=9

and for the other complex e there dose not exist any rational Kowalevskii’s exponent.
Therfore, in this paper we study the perturved differential equations derived from

H(q, @, b1, Ds; e :%(ﬁﬂb%) +%(qi‘+qé)+e(q?qz+q1q§)+eq%q§ (e+0, ) (1

at e=1/2, 3/2 from another point of view. Following differential equations are consid-

ered :
%qlzaiplfl(ql, &, D, D25 €) (2)
A= H @y @ by o5 ©) 3)
d%pl: —aiqu(ql, &, D1, D25 €) (4)
a%pzzfaiqu(qh G, D1, D2 €). (5)

1. The straight-line solutions

The straight-line solution (see Yoshida [5]) is (g1, @) = (c1, &) @(£), (p1, p») = (1, )
P (1), where (¢, ¢) is the solution of

a=Hqy (e, ¢, 01, 65 0), &=Hg(c1, 6, 1, ¢35 €), (6)
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and Q(¢), P(¢) is given as the solution of

d

L p=—Q

d
9= g

The equation (7) is derived by the one-degree-of-freedom Hamiltonian

1
h 2

If we set the value of energy, #=1/4, we find that Q=Q(¢) is obtained by the inverse

function of

—72i4
=5 P Q.

[0 "

Thus we have P=P (¢) by use of Q=@Q(1).
Case e =3/2.
The solutions of (6) are given as following :

We consider equations (6).

D oan (=1 1 1
(e, ) = < s \VI—¢  Jite

>’ 1<«/1*e «/1+e >

)
2t m))

&) L —1 1

(e, <2<J‘:Z’ )

) i)
2\JI—¢ JIt+e/) 2 \m Jm

(e, c :<%<«/1—e J11+e> 1<J1_—le +J1£Le>>’

(e, c :<2J1+e 2¢1ie > (cf?, cf) :<2¢11+e ’ 2¢11+e >

(e, ¢ :<2J1—e 2Jl—e> (e, C(ZS)):<2¢11—@’ ZJIie >

(e, ¢8) = (0, 0).

Case e=1/2.
The solutions of (6) are given as following :
(e c<;>):< SINC I
: Vaje o e
e, emy=(CD Dy
: 3/e
(P, )
)
D o) =
(e =\t e
(e, ¢©) =10, 0).

(e, o) =

(et o) =

(‘a2

’ < ¢2+4e ¢241r4e> (cf?, f ):<J2+4e }L de
< 1
(

L Dy

%
(-5 <—1wM

(8) ®)) —( —
(e}, ) < Jzi 7—de

(8)
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2. Variational equations and Ramani’s theorem

With the definition of (&, &) = (dq, d¢.)” the variational equation around the
straight-line solution is

4 e=— QD H (0, o). §=(5., &) ©)

where D?H (¢, ¢,) is Hessian of H (q, q., b1, p-; €) at (a1, ¢, ¢, ¢).
Case e =3/2.
At the solution (¢, ¢¥?) (i=1, 2, 3, 4,5, 6, 7, 8) we have

30
D2H (19, o) = <o >(z':1, 2,3, 4),

D2H (19, o) = <3;§ Zi)( —5.6),
DH (e, o) =(_ Z; _ig)( ~7.8).

By use of a linear canonical change of variables & =S&” with an appropriate matrix S, we
have variational equations

w(2)=—ew(; ) (2) o=
=— =1,2 3,4 10
i\ 5, Q(z,‘)og e (i=1,2,3,4), (10)
w(2)=—ew( ) (2) o=
=—Q( =5,6,7, 8). 11
Case e=1/2.
At the solution (¢, ¢¥?) (i=1, 2, 3, 4,5, 6, 7, 8) we have
s i1
DH (e, )= ] =1,239),
1 7
—_ 3__
e e
1+2
o C(Z))—((2+Se)/ 1+2¢)  (143e)/( e)) (=5 6).

(

(1+3e)/(14+2¢) (2+3e)/(1+2e)
)
)

(2—3e)/(1—2¢) (1+36)/(12€)> (i=7,8)

D2H (c§?, ¢ ( —143¢)/(1—2¢) (2—3e)/(1—2¢)

By use of a linear canonical change of variables &=S&” with an appropriate matrix S, we
have variational equations

j;(i) —Q(1)* < 2) <2> (i=1,2,3,4), (12)
)0 Y (E) o
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2 (&) 1/(1—-2 AN
G5 ("1 2 N (E) =, (14
In the later discussion we rewirite & by &.

The normal variational equations, in above variational equations, are as following :
Case e=3/2.

%&:_SQU)Z& (izl, 2, 3, 4), (15)
az . .

a6 =0 (i=5,6,7,8). (16)

Case e=1/2.

4 5=—30(% (i=1,2,3,4), an
a . __QW)’ .

dtz ‘%—1_ 1+2€ ‘;:1 (l_5y 6), (18)
a ,.__ QW .

dtz gl_ 1_26 51 (1_7, 8) (19)

Equations (15), (16), (17), (18) can be considered as the normal variational equations
around straight-line solution p =¢=0 from the first.

Morales-Luiz, Ramis [4] showed that if a Hamilton system is integrable then the
hypergeometric equation, derived from the normal variational equation around the
straight-line solution ¢=p =0 of this Hamilton system, must be integrable.

So that we derive Gauss hypergeometric equation from above normal variational

equation in the following section.

3. Gauss hypergeometric equation and Riemann’s P-function

We derive the Gauss hypergeometric equations from these normal variational equa-
tions by change of independent variable :

z=[Q (1) ] (20)

The Gauss hypergeometric equation corresponding to above normal variational equations

is written as follwing :

d2

z(1—2) d22§+{cf(a+b+1)z}d¥é£*abcf=0, (21)

where parameters a,b,c are determined corresponding to some cases.
For the Riemann’s P function corresponding to (21)

0 1 co
E(z)=Py 0 0 a z
l1—-¢c ¢c—a—0 b
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define the difference of exponents by 1 =1—c, g=c—a—b, v=b—a.

Case 1: Corresponding to (15), (17), we have ¢=3/4, a+b=1/4, ab=—3/8. The hyper-
geometric equation is determined with a=—1/2, 6=3/4, ¢=3/4. Riemann’s function is
given by

0 1 oo
g()=P, 0 0 —1/2 z{. (22)
1/4 1/2  3/4

In this case 1 =1/4, G=1/2, =5/4.
Case 2: Corresponding to (16), we have ¢=3/4, a+b=1/4, ab=0. The hypergeometric
equation is determined with ¢=0, 6=1/4, c=3/4. Riemann’s function is given by

0 1 oo
E(z)=Py 0 0 0 zy. (23)
1/4 1/2 1/4
In this case 1=1/4, z=1/2, 5=1/4.
_ . 3 .1 11
Case 3: Corresponding to (18), we have ¢= e atb= R ab= S 1170 The hyper-
geometric equation is determined with «, b= <L+ 1 +L#>L c:i Riemann’s
’ 4 16 2 1+2¢ /) 27 4"
function is given by
0 1 00
0 o0 (Lo /IiI IO
E(z)=P 4 16 2 1+2e/ 2 zjy. (24)
L (LTI T
4 2 4 16 2 1+2¢ /) 2
: a1 -1 - /1 1 1
Inthlscasel—4,/¢—2,v 16+ 1720
Case 4: Corresponding to (19), we have ¢= a+b:%, ab:—% 1—12@ The hyper-

geometric equation is determined with a, b= < + L—F 1 1 >%, C:%. Riemann’s

function is given by

0 1 0
0 0 <L7 1.1 1 >L

&(z2) 4 162 1-2e) 2 z¢. (25)
1 1 <L+ 1.1 1 )L
4 2 \4 162 1—2¢/ 2

»A‘»—a
RS
Il
0|
<
Il
5|
>
0|
—
s
xR

In this case 1=
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4. Application of T. Kimura’s theorem

In this Chapter we consider the intgrability of the hypergeometric equation (E) :
d? d
Z(l—z)wg-f—(y—(af-i—ﬁ-i—l)z)zg—aﬁg:o. (E)

K is the field of the set of all rational functions, the field which is obtained from K by
the adjunction of the solutions of the linear ordinary differential equation considered, is
called the Picard-Vessiot extension of K. The field L, which is obtained from K by a
number of steps each of which is either a finite algebraic extension or the adjunction of an
indefinite integral or the adjunction of an exponential of an indefinite integral, is called the
generarized Liouville extension.

The solution of hypergeometric Equation (E) is written in the form of Riemann’s P
function as

0 1 00
E(z)=P7 0 0 a zZj. (26)
=y y—a—8 B
Let :1, &, b at z=0, 1, oo then /Al:l—y, gA=y—a—p.

Kimura’s theorem is stated as following (see H. Yoshida [7]) :

[Theorem] ([3], [7]) Let L be the Picard-Vessiot extension of K for Gauss hyper-
geometric equation (E). Inorder to be a generalized Liouville extension of K, it is
necessary and sufficient that either
(i) at least one of 71+;2+ﬁ, —/Al-l—,&-i— D, :1—;2-1— D, 1-1—;2—1? is an odd integer, or
(ii) +A, £4, £ take values in Table, called the Table of Schwarz-Hukuhara-Ohasi in an
arbitrary order, with integer [, m, n.

In following discussion the integrability of Gauss hypergeometric equation (21) is
considered by use of [Theorem].

Case 1: ¢=3/4, a+b=1/4, ab=—-3/8 (a=—1/2, b=3/4, c=3/4).

In this case case 1 — i+ #=1 and hypergeometric equation (21), derived from (15) or (17),
is integrable with these «, b, c.

Case 2: ¢=3/4, a+b=1/4, ab=0 (a=0, b=1/4, c=3/4).

In this case 1 + 4+ =1 and hypergeometric equation (21), derived from (16), is integrable
with these a, b, c.

.3 1 .1 1 (1., /1 1 1 1 _3
Case 3: c=" at b= ab=—"¢ 775, <“’b*<4iv 162 1+2e>2’0*4>

- s 1 1 [T T 1
In this case /1—4,ﬂ—2, V= 16+2 142¢ °

Therefore, if hypergeometric equation (21) is integrable then condition (i) in the [ Theorem]
must be stisfied. Thus at least one of

These values are not in the Table.




8 Bulletin of the Faculty of Human Development and Culture Fukushima University No. 8 December, 2008

must be an odd integer

R 1, 1 1 (r,. /1,1 1 \1 3

Case4.c—4,a+b ,ab— 8 1-9¢ <a,b—<4i 16+2 —2@)2’6_4>
In this case /Al:i i=t V= 1 i 1 These values are not in the Table
RN 16 —2¢- '

Therefore, if hypergeometric equation (21) is integrable then condition (i) in the [Theorem]
must be stisfied. Thus at least one of

/ sy, 3 /1.1 1 N A4 p=to L1 1
(a") /1-1—/1-1-1/—4 16+2 “o¢ (0" /1+,u+v—4 16 2 1-9¢°
NSy 1 /1 1 1 NAL a3 1. 1 1
() A=+ o=— 96T 175, (@) ATA—0= /3615 12,

must be an odd integer.

Case +1 7] +v Comment

1 %Jr l %‘F m Arbitrary
1 1 1

2 7+Z §+m ?+%

3 l+l Ler L+n [+m~+n=even
3 3 3
1 1 1

4 7+Z §+m I+7’L

5 z-i-l L-i-m i-i—n [+m~+n=even
3 4 4
1 1 1

6 7+Z §+Wl €+n

7 24y Ly Ly [+m+n=
5 3 tm 3 tn m-+n=even

8 %-H %-i—m é [+m+n=even

9 i+l 1+m 1+n [+m+n=even
2 5 5

10 %Jrl %er éJrn [+m+n=even
2 2 2 _

11 —+1 —+tm —tn [+m+n=even
5 5 5

12 %+Z %er é [+m+n=even

13 %+Z %er é [+m~+n=even

14 %+Z %er é [+m~+n=even
3 2 1 _

15 ?—H g—i-m 3+n [+ m+n=even

Table of Schwarz-Hukuhara-Ohasi
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Consequently, the following theorem is proved.
[Theorem 1] If e=3/2 then hypergeometric equation (21) is integrable independently

frome. If € :% then hypergeometric equation (21) is integrable for e which at least one

of (a), (b), (c), (d) gives ann odd integer and at least one of (a’), ("), (¢’), (d") gives an
odd integer.
(Proof) This theorem is proved by above discussion. [
By Morales-Luiz, Ramis [4] and Kimura’s [3] following theorem is proved:
[Theorem 2] If e=3/2 then Hamilton system (1) may be integrable independently
from e. If there does not exist e which at least one of (a), (b), (c), (d) gives an odd integer
and at least one of (a"), (b"), (¢), (d") gives an odd integer then Hamilton system (1) must
not be integrable, for e=1/2.
(Proof) This theorem is proved by Morales-Luiz-Ramis and [Theorem 1]. [

Discussion

In this paper we considered the integrability of nonlinear dynamical system by use of
the Kimura’s theorem. We show the detail as following. If we study the integarablity of
hypergeometric equation (21), then we must consider the existence of ¢ which (a) and (a”)
give an odd integer respectively, for example. Then following equations must hold for
some integer x, y :

3 /1.1 1 _ 3 /1.1 1 _
Ve T T TP Wi T 1z T

By eliminating e from these equations we have
Y (1—2x—8x% (1+4y) =x(—1+2y+8y?) (1+4x).

This is an indeteminate equation for integers x, y. We do not know the existence of
solution (x, y) which x, y are integers at this time. But by computing we found that there
dose not exist any solution in —100<x, y <100.

If there is an ¢ which (a) and (b") gives odd integer, then one has following equation :

s /1T 1 1 _ 1 /T 11
P Tree 1T 16T 12

4 16

=1+2y.

By eliminating ¢ from these equations we have
(1+6y+8y2) (—1+2x+8x?) +4y (3+4y) (1+4x) =0

This is an indeteminate equation for integers x, v. We do not know the existence of
solution (x, y) which x, y are integers at this time. But by computing we found that there
dose not exist any solution in —100<x, y<100. There are 16 pairs of {((a), (a)), ((a),
(07)), -+, ((d), (d))}. And for each pair there is an indeterminate equation as above.
But we find that there dose not exisit solution (x, ¥), x and v are integers, in —100<x, y<
100.
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These results suport the consequence which we arived at in Ishii [2]. By the [ Theorem
2], the Hamiltonian system (1) may be integrable for ¢=3/2. But the expectation of
integrability of this Hamiltonian system became smaller, for e=1/2.
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