
1

�, �6 �8 �� �0 �L�Q �R�U�X�� �� �� �2 �1 �� �7 �+ �( �� �6 �3 �5 �$ �< �� �* �( �2 �0 �( �7 �5 �, �& �� �2 �% �- �( �& �7 �6�� �, �1 ��

�2 �1 �� �7 �+ �( �� �6 �3 �5 �$ �< �� �* �( �2 �0 �( �7 �5 �, �& �� �2 �% �- �( �& �7 �6�� �, �1
�5 �, �( �0 �$ �1 �1 �, �$ �1 �� �* �( �2 �0 �( �7 �5 �<

�, �6 �8 �� �0 �L�Q �R�U�X

�) �D�F�X�O�W�\ �� �R�I �� �+ �X�P �D�Q �� �' �H�Y�H�O�R�S�P �H�Q �W�� �D�Q �G�� �& �X�O�W�X�U�H�� �� ���0 �D�W�K�H�P �D�W�O�F�V��
�) �X�N�X�V�K�L�U�Q �D�� �8 �Q �L�Y�H�U�V�L�W�\ ��

�� �� �. �D�Q �D�\ �D�J �D�Z �D�� �� �6 �X�J �X�P �O�F�K�L�� �� �) �X�N�X�V�K�L�P �D�� �� �� �� �� �� �� �� �� �� �- �D�S�D�Q
�� �5 �H�F�H�L�Y�H�G�� �� �� �� �2 �F�W�R�E�H�U�� �� �� �� ���� ��

�$ �% �6 �7 �5 �$ �& �7

�, �Q �� �W�K�H�� �O�D�V�W�� �W�Z �H�Q �W�\ �� �\ �H�D�U�V�� �P �D�Q �\ �� �J �H�R�P �H�W�H�U�V�� �� �> �� �� �� �� �� �� �� �� �� �� �� �@ �� �� �� �K�D�Y�H�� �V�W�X�G�L�H�G�� �� �Z �L�W�K�� �U�H�P �D�U�N�D�E�O�H�� �U�H�V�X�O�W�V�� �� �W�K�H�� �Q �R�W�L�R�Q �� �R�I�� �V�S �U�D�\ �� �L�Q ��

�W�D�Q �J �H�Q �W�� �E�X�Q �G�O�H�V�� �� �, �W�� �L�V�� �D�� �I�X�Q �G�D�P �H�Q �W�D�O�� �R�Q �H�� �V�L�Q �F�H�� �W�K�H�� �J �H�R�P �H�W�U�\ �� �R�I�� �W�K�H�� �W�R�W�D�O�� �V�S �D�F�H�� �R�I�� �W�D�Q �J �H�Q �W�� �E�X�Q �G�O�H�� �F�D�Q �� �E�H�� �E�D�V�H�G�� �R�Q ��

�W�K�H�� �F�R�Q �F�H�S�W�� �R�I�� �V�S�U�D�\ ��

�: �H�� �L�Q �W�U�R�G�X�F�H�G�� �W�K�H�� �V�R�� �F�D�O�O�H�G�� �³ �6 �� �J �H�R�P �H�W�U�L�F�� �R�E�M�H�F�W�� �I �L�H�O�G� �́� �� �V�W�D�U�W�L�Q �J �� �I�U�R�P �� �D�� �V�S �U�D�\ �� �R�Q �� �W�D�Q �J �H�Q �W�� �E�X�Q �G�O�H�� �� �, �W�� �L�V��

�G�H�W�H�U�P �L�Q �H�G�� �E�\ �� �W�K�H�� �V�\ �V�W�H�P �� �R�I�� �O�R�F�D�O�� �F�R�H�I�I�L�F�L�H�Q �W�V�� �R�I�� �W�K�H�� �F�R�Q �V�L�G�H�U�H�G�� �V�S�U�D�\ ���� �, �Q �� �W�K�H�� �S �D�S�H�U�� �> �� �@ �� �Z �H�� �L�Q �Y�H�V�W�L�J�D�W�H�� �W�K�H�� �J �H�Q �H�U�D�O��

�W�K�H�R�U�\ �� �R�I�� �/ �L�H�� �G�H�U�L�Y�D�U�L�Y�H�� �R�I�� �W�K�L�V�� �R�E�M�H�F�W�� �I�L�H�O�G�� �D�Q �G�� �V�R�P �H�� �D�S �S �O�L�F�D�W�L�R�Q �V��

�+ �H�U�H�� �� �L�Q �� �W�K�H�� �S �U�H�V�H�Q �W�� �S �D�S�H�U�� �Z �H�� �G�H�Y�H�O�R�S�� �W�K�H�� �W�K�H�R�U�\ �� �R�I�� �D�� �6 �� �J �H�R�P �H�W�U�L�F�� �R�E�M�H�F�W�� �I�L�H�O�G�� �L�Q �� �W�K�H�� �5 �L�H�P �D�Q �Q �L�D�Q �� �V�S �D�F�H�V�� �� �, �Q �� �W�K�L�V��

�F�D�V�H�� �D�S�S �H�D�U�� �Q �H�Z �� �S�U�R�S�H�U�W�L�H�V�� �R�I�� �L�W�V�� �/ �L�H�� �G�H�U�L�Y�D�W�L�Y�H�� �� �D�V�� �I�R�U�� �L�Q �V�W�D�Q �F�H�� �� �� �W�K�H�� �J �U�R�X�S�� �R�I�� �L�Q �Y�D�U�L�D�Q �F�H�� �R�I�� �W�K�L�V�� �J �H�R�P �H�W�U�L�F�� �R�E�M�H�F�W�� �L�V��

�W�K�H�� �H�[ �W�H�Q �V�L�R�Q �� �W�R�� �W�D�Q �J �H�Q �W�� �E�X�Q �G�O�H�� �R�I�� �W�K�H�� �J �U�R�X�S�� �R�I�� �D�I�I�L�Q �H�� �P �R�W�L�R�Q �V�� �R�I�� �W�K�H�� �5 �L�H�P �D�Q �Q �L�D�Q �� �V�S �D�F�H�� �� �$ �O�V�R�� �� �Z �H�� �V�W�X�G�\ �� �W�K�L�V�� �R�E�M�H�F�W��

�Z �L�W�K�� �U�H�V�S �H�F�W�� �W�R�� �W�K�H�� �L�V�R�P �H�W�U�L�H�V�� �R�I�� �W�K�H�� �5 �L�H�P �D�Q �Q �L�D�Q �� �V�S�D�F�H�� �R�U�� �Z �L�W�K�� �U�H�V�S�H�F�W�� �W�R�� �L�W�V�� �F�R�Q �I�R�U�P �D�O�� �W�U�D�Q �V�I�R�U�P �D�W�L�R�Q �V�� �> �� �@ �� ��

�, �Q �� �W�K�H�� �I�R�O�O�R�Z �L�Q �J �� �Z �H�� �X�V�H�� �Q �R�W�D�W�L�R�Q �V�� �D�Q �G�� �S �U�H�O�L�P �L�Q �D�U�\ �� �U�H�V�X�O�W�V�� �I�U�R�P �� �R�X�U�� �S �D�S �H�U�V�� �> �� �� �� �� �@ �� �� ��

�† �� �� �� �� �6 �S �U�D�\ �V�� �R�Q �� �7 �0 ��

�/ �H�W�0 �E�H�� �D�� �U�H�D�O�� �Q �� �G�L�P �H�Q �V�L�R�Q �D�O�� �V�P �R�R�W�K�� �P �D�Q �L�I�R�O�G�� �� �: �H�� �D�V�V�X�P �H�� �W�K�D�W�� �D�O�O�� �J �H�R�P �H�W�U�L�F�� �R�E�M�H�F�W�� �I �L�H�O�G�V��
�F�R�Q �V�L�G�H�U�H�G�� �L�Q �� �W�K�H�� �S�U�H�V�H�Q �W�� �S�D�S �H�U�� �D�U�H�� �R�I �� �W�K�H�� �F�O�D�V�V�� �& ���
 �� �� ���� ��

�: �H�� �G�H�Q �R�W�H�� �E�\ �� �� �7 �0 �� �� �� �� ���� �� �� �0 �� �� �� �W�K�H�� �W�D�Q �J �H�Q �W�� �E�X�Q �G�O�H�� �R�I �� �W�K�H�� �P �D�Q �L�I �R�O�G�� �0 �� �D�Q �G�� �I �R�U�� �D�Q �\ �� �S�R�L�Q �W�� �X�� �( ��
�7 �0 �� �Z �H�� �W�D�N�H�� �W�K�H�� �F�D�Q �R�Q �L�F�D�O�� �F�R�R�U�G�L�Q �D�W�H�V�� �; �
 �� �\ �
 �� �� �� �� �� �� �� �- �� �� �N�� �� �� �� �� �� � �� �� �� �� �� �� �� �� �� �Q �� �� ��

�/ �H�W�� �X�V�� �F�R�Q �V�L�G�H�U�� �D�O�V�R�� �W�K�H�� �/ �L�R�X�Y�L�O�O�H�� �Y�H�F�W�R�U�� �I�L�H�O�G�� �R�Q �� �7 �0 �� ��

�� �
 �� �� �
 �� �� �
 �� � �� �\ �M

�W�D�Q �J �H�Q �W�� �V�W�U�X�F�W�X�U�H�� �- �� �� �� �" �� �7 �0 �� �� �¶�� �R�I�� �� �7 �0 �� �� �� �� �> �� �@ �� ��
�$ �V�� �Z �H�� �N�Q �R�Z �� �� �D�� �V�S�U�D�\ �� �R�Q �� �7 �0 �, �6�� �D�� �Y�H�F�W�R�U�� �I �L�H�O�G�� �6 �� �( �� �" �� �7 �0 �� �� �Z �L�W�K�� �W�K�H�� �S�U�R�S�H�U�W�\

�� �� �� �� �� �� �� �L�6 �� � �� �, �


�/ �R�F�D�O�O�\ �� �6�� �F�D�Q �� �E�H�� �X�Q �L�T�X�H�O�\ �� �H�[ �S�U�H�V�V�H�G�� �E�\ �� �W�K�H�� �I�R�O�O�R�Z �L�Q �J �� �I�R�U�P �� ��

�� �� �� �� �� �� �� �6 �� � �� �\ ���M�� �" �F���� �� �� �� �* �
 �� ���[ �\ �� �� �" �M ��



2

Bulle tin of the Fa culty of Human De velo pment and Culture No .2  D ec ember, 2 0 0 5 

The system o f functio ns G '  ( X, y) give us t he coefficients o f the spray S .
The int egral curves o f a spray S are given by the sys tem o f di fferential equatio ns :

( 1 . 4) ?  +2G' (x , -1j -) = 0,

which has a geo metric al meaning. Name ly, if ( 1 . 4) is gi ve n and it is pre served by the 
transfo rmations of lo cal co ordinates on TM, then G ' (X, y) are the coefficients of a spray on TM.

One shows , [ 5] that : If the base manifold M is paracompact, then on TM there exi st the 
sprays .

The fo llo wing re sult s were established in my papers [ 2 , 3] :
Th eo r em 1 . 1 . The sys tem of  co effi,d ent s { G ' (.X, y) } of a  sp ray S  deter mines a  Ii,nea r  

no nho m,ogeneo us geornet rlc o bj ect fileld o n TM
Thi s i s reason because it is called a S pray geometric obj ect field or a S -geo metric obj ect field.
A lo cal vector fiel d ? ' (X) on the manifold M defines on TM the fo llo wing infini tesimal 

transformation : 

.1r  = ? ' +  ? ' ( x )  d ?( 1 5 )
_y = y + y ma m? ' (x ) d 'zl,

where du is an infini tesimal co nstant.

The operato r o f Lie der ivatio n with re spect to ( 1 . 5 ) will be deno ted by f ?
We have [ 2, 3 ] :
Theo rem 1 .  2 .  The Li e derivative i , G '  of a  S -geo met ric o bj ect field, G '  (X, y) ls given 

by 

( 1 6 ) j ?G '  =? G ' - G J? ? i+  j y jy k(; ja k? i

whe re  y? Is  th e  op e ra to r :

( 1 . 6 ) ' ?  = ? J? . + y cj ? m?

Fro m this foll ows that :

a. i ?G ' is a d- vecto r field on TM.
b . If u '  (x, y) i s a vector field, then G' + u' is a s - geo metric obj ect field and we have :

( 1 . 7) f ?(G' + u' ) = f ? G' + i ?u' ,

where

( 1 . 8) i ?u ' = ? h'  - urn a m? '

In gener al, [ 6 ] , the Li e derivat ive f ? o f a d- tens or fi eld, for inst anc e for Tj ( x, y) , i s as 
follows : 
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